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FINE SELMER GROUPS, HEEGNER POINTS AND
ANTICYCLOTOMIC Zp-EXTENSIONS
AHMED MATAR
Abstract. Let E/Q be an elliptic curve, p a prime and K∞/K the anticyc-
lotomic Zp-extension of a quadratic imaginary field K satisfying the Heegner
hypothesis. In this paper we make a conjecture about the fine Selmer group
over K∞. We also make a conjecture about the structure of the module of
Heegner points in E(Kp∞)/p where Kp∞ is the union of the completions of
the fields Kn at a prime of K∞ above p. We prove that these conjectures are
equivalent. When E has supersingular reduction at p we also show that these
conjectures are equivalent to the conjecture in our earlier work. Assuming
these conjectures when E has supersingular reduction at p, we prove various
results about the structure of the Selmer group over K∞.
1. Introduction
Let K be an imaginary quadratic field with discriminant dK 6= −3,−4 whose
class number we will denote by hK .
Let p ≥ 5 be a prime and E an elliptic curve of conductor N defined over Q with
a modular parametrization π : X0(N)→ E. We shall say that (E, p) satisfies (∗) if
the following are met:
(i) All the primes dividing N split in K/Q
(ii) p does not divide NdKhKϕ(NdK)
(iii) Gal(Q(E[p])/Q) = GL2(Fp)
(iv) If E has ordinary reduction at p then
(a) p ∤ #E(Fp)
(b) ap 6≡ −1 (mod p) if p is inert in K/Q
(c) ap 6≡ 2 (mod p) if p splits in K/Q
We shall say that (E, π, p) satisfies (∗) if (E, p) satisfies (∗) and furthermore p
does not divide the number of geometrically connected components of the kernel of
π∗ : J0(N)→ E.
Let K∞/K be the anticyclotomic Zp-extension of K, Γ = Gal(K∞/K) and Kn
the unique subfield of K∞ containing K such that Gal(Kn/K) ∼= Z/pnZ. Denote
Γn = Γ
pn , Gn = Γ/Γn and Rn = Fp[Gn].
Let Λ = Zp[[Γ]] be the Iwasawa algebra attached to K∞/K. Fixing a topological
generator γ ∈ Γ allows us to identify Λ with the power series ring Zp[[T ]]. Also
consider the “mod p” Iwasawa algebra Λ = Λ/pΛ = Fp[[T ]].
Now let E′ be a strong Weil curve in the isogeny class of E i.e. there exists a
modular parametrization π′ : X0(N) → E′ which maps the cusp ∞ of X0(N) to
the origin of E′ such that the induced map π′∗ : J0(N) → E′ has a geometrically
connected kernel.
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If we assume that all the primes dividing N split in K/Q, then choosing an ideal
N of OK such that OK/N ∼= Z/NZ allows us to define a family of Heegner points
αn ∈ E(Kn) using the modular parametrization π and a family of Heegner points
α′n ∈ E′(Kn) using the modular parametrization π′ (see section 2). In [23] we made
the following conjecture
Conjecture A*. Assume that (E, p) satisfies (∗), p splits in K/Q and E has
supersingular reduction at p then the Λ-submodule of E′(K∞)/p generated by the
Heegner points α′n has Λ-corank greater than or equal to two.
Assuming this conjecture, we proved in [23] (using the same notation in that
paper) that if E has supersingular reduction at p and p splits in K/Q then the
Λ-corank of Selp∞(E/K∞) is equal to 2 and that Xp∞(E/K∞) = {0}.
We now make the slightly stronger conjecture
Conjecture A. Assume that (E, π, p) satisfies (∗), p splits in K/Q and E has
supersingular reduction at p then the Γ-submodule of E(K∞)/p generated by the
Heegner points αn has Λ-corank greater than or equal to two.
It is easy to see that conjecture A implies conjecture A*. We proved theorem
B of [23] for a strong Weil curve E′ isogenous to E. As theorem B was invariant
under isogeny, conjecture A* sufficed for our purposes. The author has not been
able to prove that the results in this paper are invariant under isogeny which is the
reason we have chosen to work with the slightly stronger conjecture A.
We now define the fine l∞-Selmer group. Assume that l is an odd prime, F a
number field and E is an elliptic curve defined over F . Let S be a finite set of
primes of F containing all the primes dividing l and all the primes where E has
bad reduction. We let FS be the maximal extension of F unramified outside S.
Suppose now that L is a field with F ⊆ L ⊆ FS . We let GS(L) = Gal(FS/L) and
SL be the set of primes of L above those in S. We define the fine l
∞-Selmer group
of E/L as
0 −→ Rl∞(E/L) −→ H1(GS(L), E [l∞]) −→
∏
v∈SL
H1(Lv, E [l∞])
If l is a fixed prime then for any number field F we let F cyc denote the cyclotomic
Zl-extension of F . In [9] Coates and Sujatha make the following conjecture
Conjecture (Coates-Sujatha). If l is an odd prime, F a number field and E an
elliptic curve defined over F , then Rl∞(E/F cyc) is a cofinitely generated Zl-module.
If l is a fixed prime and F is an imaginary quadratic field we let F anti denote the
anticyclotomic Zl-extension of F (we have denoted this by K∞ for the imaginary
quadratic field K above). In relation to the conjecture of Coates and Sujatha above
we propose the following conjecture
Conjecture B. If l is an odd prime, F an imaginary quadratic field and E an
elliptic curve defined over F , then Rl∞(E/F anti) is a cofinitely generated Zl-module.
Our first result in this paper is the following theorem
Theorem. Assume that (E, π, p) satisfies (∗), p splits in K/Q and E has super-
singular reduction at p, then conjecture A and conjecture B (for E = E, F = K
and l = p) are equivalent.
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If p∞ is a prime of K∞ above p, we let Kp∞ denote the union of the completions
of the fields K1 ⊂ K2 ⊂ K3 ⊂ · · · at p∞. We now propose a third conjecture
Conjecture C. Suppose that (E, π, p) satisfies (∗)
(i) If E has ordinary reduction at p, then there exists a prime p∞ of K∞ above p
such that the Γ-submodule of E(Kp∞)/p generated by the Heegner points αn
has infinite cardinality.
(ii) If E has supersingular reduction at p and p splits in K/Q, then there exists a
prime p∞ of K∞ above p such that the Γ-submodule of E(Kp∞)/p generated
by the Heegner points α2n and the Γ-submodule of E(Kp∞)/p generated by the
Heegner points α2n+1 are both of infinite cardinalities.
If one replaces Kp∞ in the above conjecture with the global field K∞ then the
conjecture becomes true. This can be shown using the results of Cornut [11] and
Cornut and Vatsal [12] (see theorems 3.1 and 4.1 of [23]). Therefore, the conjecture
is a local analog of this global result.
The relationship between conjectures B and C is given in the following theorem
Theorem. Assume that (E, π, p) satisfies (∗) then we have
(a) If E has ordinary reduction at p, then conjecture C(i) and conjecture B (for
E = E, F = K and l = p) are equivalent.
(b) If p splits in K/Q and E has supersingular reduction at p, then conjecture C(ii)
and conjecture B (for E = E, F = K and l = p) are equivalent (and hence also
equivalent to conjecture A by the previous theorem).
The final result of this paper concerns the µ-invariant of the Pontryagin dual of
Selp∞(E/K∞) which we denote by Selp∞(E/K∞)
dual (see section 2 for a definition
of Selp∞(E/K∞)). Using the method of proof of [23] we will show
Theorem. Suppose that (E, π, p) satisfies (∗) then we have
(a) If E has ordinary reduction at p, then Selp∞(E/K∞)
dual has Λ-rank equal to 1
and µ-invariant equal to zero.
(b) If p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is
true, then Selp∞(E/K∞)
dual has Λ-rank equal to 2 and µ-invariant equal to
zero.
Using the results of Wuthrich [32], we end this paper in section 4 by giving
examples veryfiying conjecture B.
2. Definitions and Control Theorems
2.1. Definitions. In this section we recall the definition of the Heegner points as
well as the definition of the Selmer and fine Selmer group.
Let E be an elliptic curve defined over Q. We fix a modular parametrization
π : X0(N)→ E which maps the cusp ∞ of X0(N) to the origin of E (see [30] and
[3]). Assume that every prime dividing N splits in K/Q (condition (∗)-i). It follows
that we can choose an ideal N such that OK/N ∼= Z/NZ. Let m be an integer
that is relatively prime to NdK and let Om = Z+mOK be the order of conductor
m in K. The ideal Nm = N ∩ Om satisfies Om/Nm ∼= Z/NZ and therefore the
natural projection of complex tori:
C/Om → C/N−1m
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is a cyclic N -isogeny, which corresponds to a point of X0(N). Let α[m] be its image
under the modular parametrization π. From the theory of complex multiplication
we have that α[m] ∈ E(K[m]) where K[m] is the ring class field of K of conductor
m.
If we assume that the class number of K is not divisible by p (condition (∗)-ii),
it follows for any n that K[pn+1] is the ring class field of minimal conductor that
contains Kn. We now define αn ∈ E(Kn) to be the trace from K[pn+1] to Kn of
α[pn+1].
Let Rnαn denote the Rn-submodule of H
1(Kn, E[p]) generated by the image of
αn under the Kummer map
E(Kn)→ H1(Kn, E[p]).
If we assume that Gal(Q(E[p])/Q) = GL2(Fp) (condition (∗)-iii), then by corol-
lary 2.4 of [23] we have E(K∞)[p
∞] = {0}. This implies that the restriction map
for m ≥ n
H1(Kn, E[p])→ H1(Km, E[p])
is injective and therefore allows us to view Rnαn as a submodule of H
1(Km, E[p]).
Assume that E has good ordinary reduction at p and condition (∗)-iv is met.
Then we have (see [1] prop 2.1.4) TrKn+1/Kn(αn+1) = uαn for some unit u ∈ Rn.
This implies that Rnαn ⊂ Rn+1αn+1 and so we may construct the direct limit
lim−→Rnαn.
Now assume that E has good supersingular reduction at p ≥ 5. In this
case one can show that TrKn+1/Kn(αn+1) = −αn−1. This then implies that
Rnαn ⊂ Rn+2αn+2 and so we may construct the direct limits lim−→R2nα2n and
lim−→R2n+1α2n+1.
Let us now define the Selmer groups we will be working with: If L/Q is any
algebraic extension and E is an elliptic curve defined over L, we let Selp∞(E/L)
denote the p∞-Selmer group of E over L defined by
0 −→ Selp∞(E/L) −→ H1(L,E[p∞]) −→
∏
v
H1(Lv, E)[p
∞].
We will also be working with the p-Selmer group Selp(E/L) defined by
0 −→ Selp(E/L) −→ H1(L,E[p]) −→
∏
v
H1(Lv, E)[p].
We now repeat the definition of the fine p∞-Selmer group from the introduction.
Assume that p is an odd prime, F a number field and E is a an elliptic curve defined
over F . Let S be a finite set of primes of F containing all the primes dividing p and
all the primes where E has bad reduction. We let FS be the maximal extension of
F unramified outside S. Suppose now that L is a field with F ⊆ L ⊆ FS . We let
GS(L) = Gal(FS/L) and SL be the set of primes of L above those in S. We define
the fine p∞-Selmer group of E/L as
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0 −→ Rp∞(E/L) −→ H1(GS(L), E[p∞]) −→
∏
v∈SL
H1(Lv, E[p
∞]).
The definition of Rp∞(E/L) does not depend on the set S. In fact, one can show
that for any set S as above we have
0 −→ Rp∞(E/L) −→ Selp∞(E/L) −→
∏
v|p
H1(Lv, E[p
∞]).
We also define the fine p-Selmer group of E/L whose definition may depend on
the set S. It is defined as
0 −→ RSp (E/L) −→ H1(GS(L), E[p]) −→
∏
v∈SL
H1(Lv, E[p]).
2.2. Control Theorems. In this section we prove two Iwasawa-theoretic control
theorems: one for the p-Selmer group and another for the fine p-Selmer group
First we need the following proposition
Proposition 2.1. Let M be a finitely generated Λ-module. Consider the Λ-module
M+ = HomΛ(M,Λ). Then M
+ is a free Λ-module with the same rank as M and
we have an isomorphism M+ ∼= lim←−
n
(M dual)Γn where M dual = Hom(M,Fp) is the
Pontryagin dual of M and the inverse limit is with respect to the norm maps.
Proof. The proof is basically the same as [27] 2.2 lemma 4. The fact that M+ is a
free Λ-module with the same rank as M is clear. As for the second statement we
have the following isomorphisms
M+ = HomΛ(M,Λ)
∼= lim←−
n
HomΛ(M,Fp[Gn])
∼= lim←−
n
HomFp[Gn](MΓn ,Fp[Gn])
∼= lim←−
n
HomFp(MΓn ,Fp) = lim←−
n
(M dual)Γn .
The last isomorphism above is induced by the isomorphism
HomFp(MΓn ,Fp)
∼= HomFp[Gn](MΓn ,Fp[Gn]): ϕ 7→ (x 7→
∑
g∈Gn
ϕ(g−1x)g).

We also need the following lemma
Lemma 2.2. If X = lim←−Mi is the inverse limit of finite groups of bounded order,
then X is finite.
Proof. Giving the groupsMi the discrete topology makesX a profinite group. Since
the groupsMi have bounded order, therefore it follows from [31] prop 1.1.6(b) that
all open subgroups of X have bounded index. Since every nontrivial profinite group
contains a proper open subgroup and since open subgroups of profinite groups are
themselves a profinite group therefore the indexes of the open subgroups in an
infinite profinite group must be unbounded. It follows that X must be finite. 
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Assume that (E, π, p) satisfies (∗) and S is a finite set of primes of K containing
all the primes dividing p and all the primes where E has bad reduction. We now
define XSf,p(E/K∞) := lim←−R
S
p (E/Kn) where the inverse limit is taken over n with
respect to the corestriction maps. Also define Y Sf,p(E/K∞) := lim←−R
S
p (E/K∞)
Γn
where the inverse limit is taken over n with respect to the norm maps.
The restriction maps res : RSp (E/Kn)→ RSp (E/K∞)Γn induce a map
Ξ : XSf,p(E/K∞)→ Y Sf,p(E/K∞).
We now have the following control theorem
Theorem 2.3. Assume that (E, π, p) satisfies (∗). If S is the set of primes of K
dividing Np then the map Ξ : XSf,p(E/K∞) → Y Sf,p(E/K∞) is an injection with
finite cokernel.
Proof. Let Sn be all the primes of Kn dividing S and S∞ all the primes of K∞
dividing S and consider the following commutative diagram
0 // RSp (E/K∞)
Γn // H1(K∞, E[p])
Γn
ψ∞
//
⊕
v∈S∞
H1(K∞,v, E[p])
Γn
0 // RSp (E/Kn)
sn
OO
// H1(Kn, E[p])
hn
OO
ψn
//
⊕
v∈Sn
H1(Kn,v, E[p])
gn
OO
(1)
Taking the inverse limit of the groups in the top row with respect to the norm
and the groups in the bottom row with respect to corestriction, we obtain the
following diagram
0 // Y Sf,p(E/K∞)
// lim←−H
1(K∞, E[p])
Γn
φ
// lim←−
⊕
v∈S∞
H1(K∞,v, E[p])
Γn
0 // XSf,p(E/K∞)
Ξ
OO
// lim←−H
1(Kn, E[p])
Ξ′
OO
ψ
// lim←−
⊕
v∈Sn
H1(Kn,v, E[p])
Ξ′′
OO
(2)
By [23] corollary 2.4 we have that E(K∞)[p
∞] = {0} and so both
H1(Γn, E(K∞)[p
∞]) and H2(Γn, E(K∞)[p
∞]) are trivial. This implies that the
maps hn in the diagram (1) above are isomorphisms which in turn implies that
the map Ξ′ in the diagram (2) is an isomorphism. Therefore by applying the snake
lemma to the diagram (2) we see that Ξ is an injection and cokerΞ = imgψ∩ker Ξ′′
so the proof will be complete if we can show that kerΞ′′ is finite.
Since we have assumed that all the primes dividing N split in K/Q, therefore it
follows from [4] th. 2 that the set S∞ is finite.
Now choose an M such that #SM = #S∞ and such that for every w ∈ S∞ we
have E(K∞,w)[p] = E(KM,v)[p] where v is the prime of SM below w.
Let m = #SM . For every n ≥M we label the primes in Sn as v1, v2, ..., vm and
the primes of S∞ as w1, w2, ..., wm. We choose a labelling such that if k ≥ j ≥ M
then wi ∈ S∞ lies above vi ∈ Sk lies above vi ∈ Sj . With this labelling we have
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kerΞ′′ =
m⊕
i=1
lim←−
n≥M
H1(Gal(K∞,wi/Kn,vi), E(K∞,wi)[p])
where the inverse limit is taken over n with respect to the corestriction maps.
For any n ≥ M and any i we have Gal(K∞,wi/Kn,vi) =
Γn, therefore if g is a topological generator of Γ we have
H1(Gal(K∞,wi/Kn,vi), E(K∞,wi)[p]) = E(K∞,wi)[p]/(g
pn − 1)E(K∞,wi)[p]
but E(K∞,wi)[p] = E(Kn,vi)[p] so (g
pn − 1)E(K∞,wi)[p] = {0} i.e.
H1(Gal(K∞,wi/Kn,vi), E(K∞,wi)[p]) = E(K∞,wi)[p]. For n
′ ≥ n ≥ M one
can check that the corestriction map from H1(Gal(K∞,wi/Kn′,vi), E(K∞,wi)[p])
to H1(Gal(K∞,wi/Kn,vi), E(K∞,wi)[p]) is the identity map on E(K∞,wi)[p] hence
lim←−
n≥M
H1(Gal(K∞,wi/Kn,vi), E(K∞,wi)[p]) = E(K∞,wi)[p]. This shows that kerΞ
′′
is finite which completes the proof. 
Corollary 2.4. Assume that (E, π, p) satisfies (∗). If S is the set of primes of
K dividing Np then RSp (E/K∞)
dual and XSf,p(E/K∞) are both finitely generated
Λ-modules and corankΛ(R
S
p (E/K∞)) = rankΛ(X
S
f,p(E/K∞)).
Proof. By [22] th. 4.5 we know that Selp∞(E/K∞)
dual is a finitely generated Λ-
module. Since E(K∞)[p
∞] = {0} by [23] corollary 2.4, therefore we have an iso-
morphism Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p] and so Selp(E/K∞)dual is a finitely
generated Λ-module. The same then holds for RSp (E/K∞)
dual since RSp (E/K∞) ⊆
Selp(E/K∞) so by proposition 2.1 Y
S
f,p(E/K∞) is also a finitely generated Λ-
module. Since by the control theorem we have an injection XSf,p(E/K∞) →֒
Y Sf,p(E/K∞), therefore we also have that X
S
f,p(E/K∞) is a finitely generated Λ-
module. The corollary now follows from the control theorem and proposition
2.1. 
We now define Xs,p(E/K∞) := lim←− Selp(E/Kn) where the inverse limit is taken
over n with repect to the corestriction maps. Note that we have chosen to put an
“s” in the subscript so that the reader does not confuse this group with the group
Xp(E/K∞) in [23] which was defined in a different way.
We also define Ys,p(E/K∞) = lim←−Selp(E/K∞)
Γn where the inverse limit is taken
over n with respect to the norm maps.
The restriction maps res : Selp(E/Kn)→ Selp(E/K∞)Γn induce a map
Ξ : Xs,p(E/K∞)→ Ys,p(E/K∞).
We will now prove an Iwasawa-theoretic control theorem for the p-Selmer group.
The theorem can be thought of as a “mod p” analog of theorem 2.10 in [23].
Theorem 2.5. Suppose that (E, π, p) satisfies (∗). Consider the map Ξ induced by
restriction
Ξ : Xs,p(E/K∞)→ Ys,p(E/K∞).
(a) If E has ordinary reduction at p, then Ξ is an injection with finite cokernel.
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(b) If E has supersingular reduction at p and p splits in K/Q and conjecture C(ii)
is true, then Ξ is an injection and rankΛ(cokerΞ) ≤ 2.
Proof. First we prove part (a): Assume that E has ordinary reduction at p.
From Mazur’s control theorem ([24]; see also [15] and [16]) using the fact that
E(K∞)[p
∞] = {0} ([23] corollary 2.4) we get that for any n the restriction map
resn : Selp∞(E/Kn)→ Selp∞(E/K∞)Γn
is an injection with finite cokernel of bounded order as n varies. Since E(K∞)[p
∞] =
{0}, therefore for any n we have an isomorphism Selp(E/Kn) ∼−→ Selp∞(E/Kn)[p]
and an isomorphism Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p]. Therefore for any n the
restriction map gives an exact sequence
resn : 0 −→ Selp(E/Kn) −→ Selp(E/K∞)Γn −→ Cn −→ 0
where Cn is finite and of bounded order as n varies. Part (a) then follows from this
by taking inverse limits and using lemma 2.2.
Now we prove part (b). The proof of this part is very similar to the proof of
theorem 2.10(b) in [23]. Assume that E has supersingular reduction at p, p splits in
K/Q and conjecture C(ii) is true. Define S = {p}∪{l prime : l|N}. For any n, with
this set S, we define Sn to be the set of primes of Kn above those in S and S∞ to
be the primes of K∞ above those in S. Now define KS to be the maximal extension
of K unramified outside S, GS(Kn) = Gal(KS/Kn) and GS(K∞) = Gal(KS/K∞).
Note that since we have assumed all the primes dividingN to split inK/Q, therefore
it follows from theorem 2 of [4] that the set S∞ is finite.
For any Kn it is well-known that the p-Selmer group Selp(E/Kn) may be defined
as
0 −→ Selp(E/Kn) −→ H1(GS(Kn), E[p]) −→
∏
v∈Sn
H1(Kn,vE)[p].
We may also define Selp(E/K∞) as
0 −→ Selp(E/K∞) −→ H1(GS(K∞), E[p]) −→
∏
v∈S∞
H1(K∞,vE)[p].
For any n consider the following commutative diagram:
0 // Selp(E/K∞)
Γn // H1(GS(K∞), E[p])
Γn
ψ∞
//
⊕
v∈S∞
H1(K∞,v, E)[p]
Γn
0 // Selp(E/Kn)
sn
OO
// H1(GS(Kn), E[p])
hn
OO
ψn
//
⊕
v∈Sn
H1(Kn,v, E)[p]
gn
OO
(3)
The vertical maps in the above diagram are restriction. Let us note a few things
related to this diagram:
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(1) The maps hn are isomorphisms: This follows from the fact that
H1(Γn, E(K∞)[p
m]) and H2(Γn, E(K∞)[p
m]) are both trivial because
E(K∞)[p
∞] = {0} ([23] corollary 2.4).
(2) For any v ∈ S∞ above p we have H1(K∞,v, E)[p] = {0}: The result follows
from [7] cor. 3.2 as explained in [15] pg. 70. Note that the fact that E has
supersingular reduction at p is crucial for this result.
(3) For any v ∈ Sn not dividing p we have that H1(Kn,v, E)[p] is finite and
of bounded order as n varies: This follows from 2 facts. First, by Tate duality
for abelian varieties over local fields ([25] cor. 3.4) we have that H1(Kn,v, E)[p]
is isomorphic to the dual of E(Kn,v)/p. Secondly, if l is the rational prime lying
below v, then by Mattuck’s theorems we have that E(Kn,v) ∼= Zdl × T where
d = [Kn,v : Ql] and T is a finite group. Therefore it follows from these 2 facts that
#H1(Kn,v, E)[p] ≤ p2.
(4) Let p1 and p2 be the primes of K above p. Since we have assumed that the
class number of K is relatively prime to p, therefore both p1 and p2 are totally
ramified in K∞/K. So in particular there are only 2 primes pn,1 and pn,2 of Kn
above p and 2 primes p∞,1 and p∞,2 of K∞ above p.
Let S˜∞ = S∞\{p∞,1, p∞,2} (see (4)). Taking the points (2)-(4) into considera-
tion, we take the inverse limit of the objects in the diagram above over n (using the
corestriction map for the bottom row and the norm map for the top row) to obtain
the following diagram where the group T is finite (using point (3) and lemma 2.2)
0 // Ys,p(E/K∞) // lim←−H
1(GS(K∞), E[p])
Γn
φ
//
⊕
v∈S˜∞
lim←−H
1(K∞,v, E)[p]
Γn
0 // Xs,p(E/K∞)
Ξ
OO
// lim←−H
1(GS(Kn), E[p])
Ξ′
OO
ψ
// T × ⊕
i=1,2
lim←−H
1(Kpn,i, E)[p]
Ξ′′
OO
(4)
To ease the notation, in the above diagram we have denoted Kn,pn,i by Kpn,i.
Applying the snake lemma to this diagram we get
0→ kerΞ→ kerΞ′ → kerΞ′′ ∩ imgψ→ cokerΞ→ cokerΞ′
From point (1) above, it follows that Ξ′ is an isomorphism i.e. ker Ξ′ = 0 and
cokerΞ′ = 0. Therefore from the above sequence we get that kerΞ = 0 as required.
We also get that cokerΞ = kerΞ′′ ∩ imgψ. Since T is finite and Ξ′′ restricted
to H1(Kpn,i , E)[p] is the zero map, it follows that rankΛ(cokerΞ) = rankΛ(imgψ).
Therefore we must show that rankΛ(imgψ) ≤ 2. To study imgψ we use the Cassels-
Poitou-Tate exact sequence (see [9]) which gives that the following sequence is exact
H1(GS(Kn), E[p])
ψn−−→
⊕
v∈Sn
H1(Kn,v, E)[p]
θn−→ Selp(E/Kn)dual
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We take the inverse limits of the groups over n using the corestriction map. As
all the groups we are dealing with are compact Hausdorff, the resulting sequence is
also exact:
lim←−H
1(GS(Kn), E[p])
ψ−→ T ×
⊕
i=1,2
lim←−H
1(Kpn,i , E)[p]
θ−→ Selp(E/K∞)dual
The fact that this sequence is exact means that imgψ = kerθ. So to show that
rankΛ(imgψ) ≤ 2 it suffices to show that rankΛ(kerθ) ≤ 2 or equivalently, if θˆ is
the dual map, that corankΛ(coker θˆ) ≤ 2.
By Tate local duality the dual of H1(Kpn,i , E)[p] may be identified with
E(Kpn,i)/p. Therefore using this fact, the map θˆ becomes
θˆ : Selp(E/K∞)→ E(Kp∞,1)⊗ Fp × E(Kp∞,2)⊗ Fp.
This map is the usual map induced by restriction
H1(K∞, E[p])→
⊕
i=1,2
H1(Kp∞,i , E[p]).
Note that if c ∈ Selp(E/K∞) ⊂ H1(K∞, E[p]) then its image under this map
belongs to E(Kp∞,1)⊗ Fp × E(Kp∞,2)⊗ Fp.
To prove our result we will first calculate corankΛ(E(Kp∞,i)⊗Fp). First we show
that E(Kp∞,i)[p
∞] = {0}. Since Γ = Gal(Kp∞,i/Qp) is pro-p, it suffices to show
that E(Qp)[p
∞] = E(Kp∞,i)[p
∞]Γ = {0}. But since E has supersingular reduction
at p, we have E(Qp)[p
∞] = Eˆ(pZp)[p
∞] where Eˆ is the formal group of E/Qp. The
result then follows from the fact ([29] ch. 4 th. 6.1) that Eˆ(pZp) has no p-torsion
if p ≥ 3.
Since E(Kp∞,i)[p
∞] = {0}, therefore, as in point (1) above, the restriction
map induces an isomorphism H1(Kpn,i , E[p])
∼−→ H1(Kp∞,i, E[p])Γn . In addition
from the local Euler-Poincare´ characteristic ([26] VII 7.3.1) and Tate local duality
([26] VII 7.2.6) together with the Weil pairing we have dimFp(H
1(Kpn,i, E[p])) =
2pn+2dimFp(E(Kpn,i)[p]). But E(Kpn,i)[p] = {0} and so dimFp(H1(Kpn,i, E[p])) =
2pn. Therefore we have shown that corankΛ(H
1(Kp∞,i, E[p])) = 2. But by
point (2) above E(Kp∞,i) ⊗ Fp is isomorphic to H1(Kp∞,i, E[p]), so we also have
corankΛ(E(Kp∞,i)⊗ Fp) = 2.
It follows that we have
corankΛ(E(Kp∞,1)⊗ Fp × E(Kp∞,2)⊗ Fp) = 4.
Therefore to show that corankΛ(coker θˆ) ≤ 2 we only need to show that
corankΛ(img θˆ) ≥ 2. This follows from conjecture C(ii) as is explained in the proof
of theorem 3.3 in the next section: Consider the subgroup M := lim−→R2nα2n +
lim−→R2n+1α2n+1 ⊆ Selp(E/K∞). The proof of theorem 3.3 shows that if conjecture
C(ii) is true, then for i = 1 or i = 2 the image of M under the map (induced by
restriction)
E(K∞)⊗ Fp → E(Kp∞,i)⊗ Fp
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has Λ-corank greater than or equal to two. This implies the result.

Corollary 2.6. Assume that (E, π, p) satisfies (∗) then both Selp(E/K∞) dual and
Xs,p(E/K∞) are finitely generated Λ-modules
(a) If E has ordinary reduction at p, then corankΛ(Selp(E/K∞)) =
rankΛ(Xs,p(E/K∞)).
(b) If E has supersingular reduction at p, p splits in K/Q and conjecture C(ii) is
true, then corankΛ(Selp(E/K∞)) ≤ rankΛ(Xs,p(E/K∞)) + 2.
Proof. By [22] th. 4.5 we know that Selp∞(E/K∞)
dual is a finitely generated
Λ-module. Since E(K∞)[p
∞] = {0} by [23] corollary 2.4, therefore we have an
isomorphism Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p] and so Selp(E/K∞)dual is a fi-
nitely generated Λ-module. Therefore by proposition 2.1, Y Sf,p(E/K∞) is also a
finitely generated Λ-module. Since by the control theorem we have an injection
XSf,p(E/K∞) →֒ Y Sf,p(E/K∞), therefore we also have that XSf,p(E/K∞) is a fi-
nitely generated Λ-module. The corollary now follows from the control theorem
and proposition 2.1. 
3. Proofs of Main Theorems
Before proving the theorems listed in the introduction we record the following
theorem which is essentially the main result proven in [23]
Theorem 3.1. Assume that (E, π, p) satisfies (∗). Then we have
(1) If E has ordinary reduction at p, then rankΛ(Xs,p(E/K∞)) ≤ 1.
(2) If E has supersingular reduction at p, p splits in K/Q and conjecture A is
true, then Xs,p(E/K∞) = {0}.
Proof. In section 2.3 of [23] (using the notation in that paper) we constructed a map
ψℓ : lim−→H
1(Kn,ℓ, E)[p]→ Xp(E/K∞)dual as follows: First by Tate local duality we
have an isomorphism
lim−→H
1(Kn,ℓ, E)[p] ∼= (lim←−E(Kn,ℓ)/p)
dual.
Next for any n we have a restriction map resℓ : Selp(E/Kn)→ E(Kn,ℓ)/p. Taking
inverse limits gives a map
resℓ : Xs,p(E/K∞)→ lim←−E(Kn,ℓ)/p
Dualizing this map and using the Tate duality isomorphism we get a map
ψ′ℓ : lim−→H
1(Kn,ℓ, E)[p]→ Xs,p(E/K∞)dual.
Since Xp(E/K∞) injects into Xs,p(E/K∞), therefore we have a surjection
Xs,p(E/K∞)
dual → Xp(E/K∞)dual and so composing the map ψ′ℓ with this surjec-
tion we get our desired map
ψℓ : lim−→H
1(Kn,ℓ, E)[p]→ Xp(E/K∞)dual.
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If we work with the map ψ′ℓ rather than ψℓ we obtain results identical those in [23]
where the group Xp(E/K∞) gets replaced by Xs,p(E/K∞) so proposition 3.7 in
the ordinary case gives that rankΛ(Xs,p(E/K∞)) ≤ 1 and in the supersingular case
the proof of theorem B in section 4 gives that Xs,p(E/K∞) = {0}
However the reader should be aware of one important detail. In the beginning
of sections 3 and 4 in [23] we noted that the statements of theorems A and B were
invariant under isogeny and therefore it would suffice to assume that E is a strong
Weil curve with a modular parametrization π : J0(N)→ E having a geometrically
connected kernel. This was important to apply the results of Cornut [11] which
require that p does not divide the number of geometrically connected components
of the kernel of the modular parametrization.
Regarding the theorem that we are proving the author has not been able to
prove that it is invariant under isogeny and therefore we cannot pass to a strong
Weil curve as we did in [23] but as (E, π, p) was assumed to satisfy (∗), therefore
p does not divide the number of geometrically connected components of the kernel
π : J0(N)→ E and therefore the results of Cornut [11] apply to E without the need
to refer to a strong Weil curve. Also we have assumed in the supersingular case
that conjecture A is satisfied (rather than conjecture A* in [23]) so we may work
with the elliptic curve E directly rather than working with an isogenous strong
Weil curve. 
We now prove the theorems in the introduction
Theorem 3.2. Assume that (E, π, p) satisfies (∗), p splits in K/Q and E has
supersingular reduction at p, then conjecture A and conjecture B (for E = E, F = K
and l = p) are equivalent.
Proof. Assume that (E, π, p) satisfies (∗), p splits in K/Q, E has supersingular
reduction at p and conjecture A is true. Let S be the set of primes of K divid-
ing Np. Since for any n we have that RSp (E/Kn) is contained in Selp(E/Kn),
therefore XSf,p(E/K∞) is contained in Xs,p(E/K∞). But the latter group is
trivial by theorem 3.1 and so XSf,p(E/K∞) is trivial as well. Therefore it fol-
lows from corollary 2.4 that RSp (E/K∞) is finite. Now consider the natural map
RSp (E/K∞)→ Rp∞(E/K∞)[p]. We claim this map has a finite cokernel.
This follows from 3 facts. First, by [23] corollary 2.4 we have E(K∞)[p
∞] =
{0} and therefore it follows that we have an isomorphism H1(K∞, E[p]) ∼−→
H1(K∞, E[p
∞])[p]. Secondly, since we have assumed that all the primes divid-
ing N split in K/Q it follows from theorem 2 of [4] that the set of primes of K∞
above S is finite. Finally, it is easy to prove that for any prime v of K∞ we have
the kernel of the natural map H1(K∞,v, E[p])→ H1(K∞,v, E[p∞])[p] is finite.
The fact that the map RSp (E/K∞) → Rp∞(E/K∞)[p] has a finite cokernel fol-
lows easily from these 3 facts. Therefore since RSp (E/K∞) is finite, we have that
Rp∞(E/K∞)[p] is finite i.e. Rp∞(E/K∞) is cofinitely generated over Zp which
proves conjecture B in this case.
Now assume that (E, π, p) satisfies (∗), p splits in K/Q, E has supersingular
reduction at p and conjecture B is true. Let us first make a few definitions. Let p1
and p2 be the 2 primes of K above p. Since we have assumed that the class number
of K is prime to p therefore both p1 and p2 are totally ramified in K∞/K. So in
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particular there are 2 primes pn,1 and pn,2 of Kn above p and 2 primes p∞,1 and
p∞,2 of K∞ above p. We will denote the completion of Kn with respect to pn,i by
Kpn,i and we let Kp∞,i be the union of the completions Kpn,i. Following Kobayashi
[20], we define the following subgroups of E(Kpn,i)
E+(Kpn,i) := {x ∈ E(Kpn,i) | Trn/m+1(x) ∈ E(Kpm,i) for even m : 0 ≤ m < n}
E−(Kpn,i) := {x ∈ E(Kpn,i) | Trn/m+1(x) ∈ E(Kpm,i) for odd m : 0 ≤ m < n}.
We then define E+(Kp∞,i) :=
⋃
n∈N E
+(Kpn,i) and E
−(Kp∞,i) :=⋃
n∈NE
−(Kpn,i).
We now analyze the intersection of E+(Kp∞,i)⊗ Fp and E−(Kp∞,i)⊗ Fp where
we view both of these groups as subgroups of E(Kp∞,i)⊗ Fp. By a proof which is
identical to that of lemma 2.6.5 of [6], using a result of Iovita and Pollack [19], we
have
E+(Kp∞,i)⊗ Fp ∩ E−(Kp∞,i)⊗ Fp = E(Qp)⊗ Fp (5)
We now define some Selmer groups. First let S be the set of primes of K above
p and above all the primes dividing N . We let KS be the maximal extension of
K unramified outside S. For any field F with K ⊆ F ⊆ KS we let GS(F ) =
Gal(KS/F ) and we let SF be the set of primes of F that lie over a prime of S.
Let S˜K∞ = SK∞\{p∞,1, p∞,2}. Since we have assumed that all the primes
dividing N split in K/Q, therefore it follows from theorem 2 of [4] that the set S˜K∞
is finite.
Recall that the p-Selmer group of E over K∞ is defined as
0 −→ Selp(E/K∞) −→ H1(GS(K∞), E[p]) −→
∏
v∈SK∞
H1(K∞,v, E[p])
E(K∞,v)⊗ Fp .
Following Kobayashi [20], we define the even (odd) p-Selmer group of E over
K∞ as
0 −→ Selp±(E/K∞) −→ Selp(E/K∞) −→
∏
i=1,2
H1(Kp∞,i, E[p])
E±(Kp∞,i)⊗ Fp
.
We also define
0 −→ Sel1p(E/K∞) −→ Selp(E/K∞) −→
∏
i=1,2
H1(Kp∞,i, E[p])
E(Qp)⊗ Fp .
We are now ready to show that conjecture A is true in this case. According to
theorem 4.1 of [23] neither lim−→R2nα2n nor lim−→R2n+1α2n+1 is Λ-cotorsion. Therefore
the conjecture will be proven if we show that lim−→R2nα2n∩ lim−→R2n+1α2n+1 is finite.
Since TrKn+1/Kn(αn+1) = −αn−1 therefore we have that resp2n,i α2n ∈
E+(Kp2n,i) and resp2n+1,i α2n+1 ∈ E−(Kp2n+1,i). This implies that lim−→R2nα2n ⊆
Selp
+(E/K∞) and lim−→R2n+1α2n+1 ⊆ Selp
−(E/K∞) and so it suffices to show
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that Selp
+(E/K∞) ∩ Selp−(E/K∞) is finite. But by (5) above this intersection
is Sel1p(E/K∞).
Now define
L(K∞) =
∏
i=1,2
E(Qp)⊗ Fp ×
∏
v∈S˜K∞
E(K∞,v)⊗ Fp.
We claim that this group is finite. First of all, by Mattuck’s theorem we have
that E(Qp) ∼= Zp × T where T is finite group. Therefore E(Qp)⊗ Fp is finite. Now
let v ∈ S˜K∞ and let l 6= p be the rational prime below v. For any n we will also let v
denote the prime of Kn below v. By Mattuck’s theorem we have E(Kn,v) ∼= Zrl ×T
where r is some integer and T is a finite group. Therefore #(E(Kn,v)⊗ Fp) ≤ p2.
It follows that E(K∞,v) ⊗ Fp is finite. Since S˜K∞ is finite, we have shown that
L(K∞) is in fact finite.
Now consider the following commutative diagram
0

// H1(GS(K∞), E[p])

// H1(GS(K∞), E[p])

// 0
0 // L(K∞) //
∏
v∈SK∞
H1(K∞,v, E[p]) //
∏
v∈SK∞
H1(K∞,v, E[p])/L(K∞) // 0
(6)
Applying the snake lemma to this diagram we get an exact sequence
0 −→ RSp (E/K∞) −→ Sel1p(E/K∞) −→ L(K∞)
Since L(K∞) is finite, the exact sequence shows that RSp (E/K∞) is finite if and only
if Sel1p(E/K∞) is finite. Therefore it suffices to show that R
S
p (E/K∞) is finite. To
show this, we note that by [23] corollary 2.4 we have E(K∞)[p
∞] = {0} from which
it follows that the natural map RSp (E/K∞)→ Rp∞(E/K∞)[p] is an injection. Since
Rp∞(E/K∞) is cofinitely generated over Zp, therefore Rp∞(E/K∞)[p] is finite.
This in turn implies that RSp (E/K∞) is finite which completes the proof. 
Theorem 3.3. Assume that (E, π, p) satisfies (∗) then we have
(a) If E has ordinary reduction at p, then conjecture C(i) and conjecture B (for
E = E, F = K and l = p) are equivalent.
(b) If p splits in K/Q and E has supersingular reduction at p, then conjecture C(ii)
and conjecture B (for E = E, F = K and l = p) are equivalent (and hence also
equivalent to conjecture A by the previous theorem).
Proof. First we prove (a): Assume that E has ordinary reduction at p and con-
jecture C(i) is true. Consider the module lim−→Rnαn ⊆ Selp(E/K∞). By [23]
theorem 3.1, theorem 3.1 and corollary 2.6 we have that both lim−→Rnαn and
Selp(E/K∞) are finitely generated Λ-modules and that corankΛ(lim−→Rnαn) ≥ 1 and
corankΛ(Selp(E/K∞)) ≤ 1. Since lim−→Rnαn is contained in Selp(E/K∞), therefore
it follows that both their Λ-coranks must be equal to one.
Now let S be the set of primes of K dividing Np. By the same argument in
the proof of theorem 3.2, we have that RSp (E/K∞)→ Rp∞(E/K∞)[p] has a finite
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cokernel and therefore to prove conjecture B we only have to show that RSp (E/K∞)
is finite. Since RSp (E/K∞) ⊆ Selp(E/K∞) and both lim−→Rnαn and Selp(E/K∞)
have Λ-coranks equal to one, therefore it is is easy to see that the finiteness of
RSp (E/K∞) will follow if we can show that M := lim−→Rnαn ∩R
S
p (E/K∞) is finite.
Assume on the contrary that M is infinite. Since finitely generated torsion
Λ-modules are finite and corankΛ(lim−→Rnαn) = 1, therefore M must also have Λ-
corank equal to one. Therefore lim−→Rnαn/M is finite and so is annihilated by g
pm−1
for some m ∈ N where g is a topological generator of Γ i.e. (gpm − 1) lim−→Rnαn ⊂
RSp (E/K∞).
Let p be a prime of K above p. Since we have assumed that the class number
of K is prime to p, therefore p is totally ramified in K∞/K. For any n let pn be
the prime of Kn above p. Since (g
pm − 1) lim−→Rnαn ⊆ R
S
p (E/K∞), therefore by
the definition of the fine p-Selmer group we have (gp
m − 1) lim−→Rn respn αn = 0 and
so lim−→Rn respn αn is Λ-cotorsion. This contradicts conjecture C(i) which completes
the proof of the forward implication of part (a) of the theorem.
Now assume that E has ordinary reduction at p and conjecture B is true. We
must show that conjecture C(i) is true. Arguing by contradiction, assume that
conjecture C(i) is false i.e. that for every prime p∞ of K∞ above p the Γ-submodule
of E(Kp∞)/p generated by the Heegner points αn is finite. Let S be the set of primes
of K dividing Np and let g be a topological generator of Γ. We claim that there
exists a k ∈ N such that (gpk − 1) lim−→Rnαn ⊆ R
S
p (E/K∞). From the definition of
RSp (E/K∞), to show this, we need to prove that there exists a k ∈ N such that for
all s ∈ lim−→Rnαn we have resv((g
pk − 1)s) = 0 for any v ∈ SK∞ . Note that since we
have assumed that all the primes dividing N to split in K/Q therefore it follows
from [4] th. 2 that SK∞ is finite.
Let v ∈ SK∞ be a prime not dividing p. Since the set SK∞ is finite, therefore the
decomposition group of v in Γ is nontrivial and so is of the form Γp
m
for some m.
Now let s ∈ lim−→Rnαn. Then resv(s) ∈ E(K∞,v)/p and we claim that E(K∞,v)/p is
finite. To see this, let l 6= p be the rational prime below v. For any n we will also let
v denote the prime ofKn below v. By Mattuck’s theorem we have E(Kn,v) ∼= Zrl×T
where r is some integer and T is a finite group. Therefore #(E(Kn,v)/p) ≤ p2. It
follows from this that E(K∞,v)/p is in fact finite as claimed. The decomposition
group Γp
m
acts on the finite group E(K∞,v)/p so there exists kv ≥ m such that
(gp
kv − 1)E(K∞,v)/p = 0. It follows that we have resv((gpkv − 1)s) = (gpkv −
1) resv(s) = 0.
Now let v ∈ SK∞ be a prime above p. Since we have assumed that the class
number of K is relatively prime to p, therefore every prime of K above p is totally
ramified in K∞/K. Let s ∈ lim−→Rnαn. Since conjecture C(i) is false therefore
the Γ-submodule of E(K∞,v)/p generated by the points αn is finite and so there
exists kv ∈ N such that gpkv − 1 that annihilates this submodule. It follows that
resv((g
pkv − 1)s) = (gpkv − 1) resv(s) = 0.
We have shown that for every v ∈ SK∞ there exists kv ∈ N such that resv((gp
kv −
1)s) = 0 for any s ∈ lim−→Rnαn. Then taking k to be the maximum of the integers
kv we get resv((g
pk − 1)s) = 0 for all s ∈ lim−→Rnαn and any v ∈ SK∞ . This implies
that (gp
m−1) lim−→Rnαn ⊆ R
S
p (E/K∞) as desired. By theorem 3.1 of [23], lim−→Rnαn
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has Λ-corank greater than or equal to one. Therefore (gp
m−1) lim−→Rnαn also has Λ-
corank greater than or equal to one and as this group is contained in RSp (E/K∞) it
follows that RSp (E/K∞) is infinite. Now by corollary 2.4 of [23], E(K∞)[p
∞] = {0}
so the natural map RSp (E/K∞)→ Rp∞(E/K∞)[p] is an injection. This proves that
Rp∞(E/K∞)[p] is infinite i.e. that Rp∞(E/K∞) is not cofinitely generated over Zp.
This contradicts our assumption that conjecture B is true which thereby proves the
backward implication of part (a).
We now prove part (b): First we prove the forward implication. Assume that
p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is true.
Then there exists a prime p∞ of K∞ above p such that both lim−→R2n resp2n α2n and
lim−→R2n+1 resp2n+1 α2n+1 are infinite (where pn be the prime of Kn below p∞). In
what follows let Kpn be the completion of Kn with respect to pn.
To prove conjecture B is true, it suffices by theorem 3.2 to prove that conjec-
ture A is true. To prove this, it clearly suffices to show that lim−→R2n resp2n α2n +
lim−→R2n+1 resp2n+1 α2n+1 has Λ-corank greater than or equal to two (note that both
lim−→R2n resp2n α2n and lim−→R2n+1 resp2n+1 α2n+1 are cofinitely generated Λ-modules
since both lim−→R2nα2n and lim−→R2n+1α2n+1 are cofinitely generated Λ-modules by
the argument in theorem 4.1 of [23]).
Since finitely generated torsion Λ-modules are finite, therefore conjecture C(ii)
implies that both lim−→R2n resp2n α2n and lim−→R2n+1 resp2n+1 α2n+1 have Λ-coranks
greater than or equal to one so to prove conjecture A we only have to show that
X := lim−→R2n resp2n α2n ∩ lim−→R2n+1 resp2n+1 α2n+1 is finite. To show this, we use
the same argument as in theorem 3.2.
Following Kobayashi [20] we define the following subgroups of E(Kpn)
E+(Kpn) := {x ∈ E(Kpn) | Trn/m+1(x) ∈ E(Kpm) for even m : 0 ≤ m < n}
E−(Kpn) := {x ∈ E(Kpn) | Trn/m+1(x) ∈ E(Kpm) for odd m : 0 ≤ m < n}.
We then define E+(Kp∞) :=
⋃
n∈N E
+(Kpn) and E
−(Kp∞) :=
⋃
n∈NE
−(Kpn).
We now analyze the intersection of E+(Kp∞)⊗Fp and E−(Kp∞)⊗Fp where we
view both of these groups as subgroups of E(Kp∞) ⊗ Fp. By a proof identical to
that of lemma 2.6.5 of [6], using a result of Iovita and Pollack [19], we have
E+(Kp∞)⊗ Fp ∩ E−(Kp∞)⊗ Fp = E(Qp)⊗ Fp.
Since TrKn+1/Kn(αn+1) = −αn−1, therefore it follows that lim−→R2n resp2n α2n ⊆
E+(Kp∞) and lim−→R2n+1 resp2n+1 α2n+1 ⊆ E
−(Kp∞) so we have
X ⊆ E+(Kp∞) ∩ E−(Kp∞) = E(Qp)⊗ Fp.
But by Mattuck’s theorem, E(Qp) ∼= Zp × T where T is a finite group. Therefore
E(Qp)⊗ Fp is finite which in turn makes X finite. This completes the proof of the
forward implication of part (b).
Now assume that p splits in K/Q, E has supersingular reduction at p and con-
jecture B is true. We will prove that backward implication i.e. that conjecture
C(ii) is true. The proof goes along the same lines as the backward implication of
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part (a), however since we have to deal with the Heegner points α2n and the points
α2n+1 separately the proof is not as straightforward.
Arguing by contradiction, assume that conjecture C(ii) is false. Since p splits
in K/Q and the class number of K is prime to p therefore there are 2 primes p∞
and p¯∞ of K∞ above p. Since conjecture C(ii) is false, either the Γ-submodule of
E(Kp∞)/p generated by the points α2n or the Γ-submodule generated by the points
α2n+1 is finite. Let us assume that the the former submodule is finite (if the former
submodule is infinite and the latter is finite our proof will be very similar). Then
there exists an k ∈ N such that (gpk − 1) lim−→R2n resp2n α2n = 0 (pn is the prime of
Kn below p∞).
Now let S be the set of primes of K dividing Np. We claim that for some
m ∈ N we have (gpm − 1) lim−→R2nα2n ⊆ R
S
p (E/K∞). By the proof of the backward
implication of part (a), we see that to prove this it suffices to show that resv((g
pk −
1)s) = 0 for any s ∈ lim−→R2nα2n any v ∈ {p∞, p¯∞}. Let τ be a complex conjugation
of K∞ so that τp∞ = p¯∞. Since (g
pk − 1) lim−→R2n resp2n α2n = 0, therefore for
any s ∈ lim−→R2nα2n we have resp∞((g
pk − 1)s) = 0 so we only have to show that
resp¯∞((g
pk − 1)s) = 0.
The automorphism τ induces a “change of group” automorphism τ∗ on
H1(K∞, E[p]) and an isomorphism τ∗ : H
1(Kp∞ , E[p]) → H1(Kp¯∞ , E[p]). For
any s ∈ H1(K∞, E[p]) we have resp¯∞(τ∗(s)) = τ∗(resp∞(s)). From this we see that
to show that resp¯∞((g
pk − 1)s) = 0 for all s ∈ lim−→R2nα2n, we only have to show
that (gp
k − 1) lim−→R2nα2n is τ -invariant.
Let M = lim−→R2nα2n and denote for any t ∈ N the group Γ
pt by Γt. Clearly
to show that (gp
k − 1)M is τ -invariant it suffices to show that (g − 1)pkMΓt =
(gp
k − 1)MΓt is τ -invariant for any t (note that (g− 1)pk ≡ gpk − 1 mod p). Recall
that τgτ = g−1. Therefore we have τ(g−1)pkMΓt = (g−1−1)pkτMΓt . Again since
τgτ = g−1, therefore it follows that τMΓt ⊆ MΓt so our desired result will follow
if we can can show that (g−1− 1)pkMΓt ⊆ (g− 1)pkMΓt . But Γ/Γt has order pt so
therefore (g−1 − 1)pkMΓt = (gpt−1 − 1)pkMΓt and the desired result follows since
g − 1 divides gpk−1 − 1.
We have shown that (gp
m − 1) lim−→R2nα2n ⊆ R
S
p (E/K∞) for some m ∈ N. By
theorem 4.1 of [23] lim−→R2nα2n has Λ-corank greater than or equal to one. Therefore
(gp
m−1) lim−→R2nα2n also has Λ-corank greater than or equal to one and as this group
is contained in RSp (E/K∞), it follows that R
S
p (E/K∞) is infinite. Now by corollary
2.4 of [23] E(K∞)[p
∞] = {0} so the natural map RSp (E/K∞)→ Rp∞(E/K∞)[p] is
an injection. This proves that Rp∞(E/K∞)[p] is infinite i.e. that Rp∞(E/K∞) is
not cofinitely generated over Zp. This contradicts our assumption that conjecture
B is true which thereby proves the backward implication of part (b).

Theorem 3.4. Suppose that (E, π, p) satisfies (∗) then we have
(a) If E has ordinary reduction at p, then Selp∞(E/K∞)
dual has Λ-rank equal to 1
and µ-invariant equal to zero.
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(b) If p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is
true, then Selp∞(E/K∞)
dual has Λ-rank equal to 2 and µ-invariant equal to
zero.
Proof. Note that by theorems 3.2 and 3.3, conjecture C(ii) implies conjecture A
(also see the comments made in the proof of theorem 3.1 about conjecture A versus
conjecture A*). Therefore by theorems A and B in [23], Selp(E/K∞)
dual has Λ-
rank 1 in the ordinary case (part (a)) and rank 2 in supersingular case (part (b)).
By corollary 2.4 in [23] we have that E(K∞)[p
∞] = {0} and therefore we have
an isomorphism Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p]. From this and the value of
the Λ-corank of Selp∞(E/K∞), we see that to show that Selp∞(E/K∞)
dual has
µ-invariant equal to zero we need to show that the Λ-corank of Selp(E/K∞) is less
than or equal to one in the ordinary case (part (a)) and less than or equal to two
in the supersingular case (part (b)). This follows from theorem 3.1 and corollary
2.6. 
4. Examples verifying Conjecture B
In the setup for conjecture B let Γ = Gal(F anti/F ) and Λ = Zl[[Γ]] the corres-
ponding Iwasawa algebra. Conjecture B predicts that Rl∞(E/F anti) is cofinitely
generated over Zl. It is easy to see that this is equivalent to both of the following
statements
(a) Rl∞(E/F anti)dual is a torsion Λ-module
(b) Rl∞(E/F anti)dual has µ-invariant equal to zero
Statement (a) is equivalent to H2(GS(F
anti), E[p∞]) = 0 (see [9] lemma 3.1)
and is usually called the weak Leopoldt conjecture. It has been proven by Bertolini
[2] when E is defined over Q and l is prime where E has good ordinary reduction
(together with some additional conditions listed in that paper). When E has su-
persingular reduction at l and l splits in F/Q then the weak Leopoldt conjecture is
also true. This follows from [5] theorem 3.1 and [19] theorem 6.1.
In this section we will produce examples verifying conjecture B. The examples
will be constructed using the following theorem whose proof relies fundamentally
on the work of Wuthrich [32].
Before stating the theorem, consider an elliptic curve E defined over a number
field K and let v be a prime of K. If Kv denotes the completion of K at v
then, as is standard, we let E0(K) denote the subgroup of E(Kv) with nonsingular
reduction modulo v and E1(Kv) the subgroup of points in E0(Kv) that reduce to
the identity. Write cv = [E0(K) : E1(K)] and write logE,v : E1(Kv)→ Kv for the
formal logarithm map. This map depends on our choice of a minimal Weierstrass
equation for E over Kv, but its values are well-defined up to multiplication by a
unit in Ov, the ring of integers of Kv. Finally, let iv : E(K) → E(Kv) be the
natural embedding.
Theorem 4.1. Let E be an elliptic curve of conductor N defined over Q and let K
be an imaginary quadratic field of discriminant dK such that all the primes dividing
N split in K/Q. Let p ∤ NdK be an odd rational prime such that Gal(Q(E[p])/Q) =
GL2(Fp). For this prime p, let K∞/K be the anticyclotomic Zp-extension of K.
Now if K[1] is the Hilbert class field of K, then a choice of an ideal N of OK
such that OK/N ∼= Z/NZ and a modular parametrization X0(N) → E allows us
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to define a Heegner point y1 ∈ E(K[1]). Let yK be the trace of this point down to
K. We make the following assumptions
(a) The Heegner point yK ∈ E(K) has infinite order (equivalent to L′(E/K, 1) 6= 0
by Zhang’s [34] generalization to the Gross-Zagier theorem [17] 1).
(b) p does not divide the image of the yK in E(K)/E(K)tors
(c) For every prime v of K dividing p we have p ∤ #E˜(kv) (where kv is the residue
field of Kv and E˜ is the reduced curve)
(d) For every prime v of K we have p ∤ cv
(e) There exists a prime v of K above p and a point P ∈ ∩w|pi−1w (E1(Kw)) such
that ordv(logE,v(iv(P ))) = 1
Under the above assumptions, we have that Rp∞(E/K∞) is cofinitely generated
over Zp.
Proof. The proof of this theorem relies on the work of Wuthrich [32] on the Euler
characteristic of the fine Selmer group. First of all, let us consider the compact
version of the fine Selmer group. Let S be the finite set of primes of K dividing p
and where E has bad reduction. Let KS be the maximal extension of K unramified
outside of S and GS(K) = Gal(KS/K). The compact fine Selmer group Rp(E/K)
is defined by the following exact sequence
0 −→ Rp(E/K) −→ H1(GS(K), TpE) −→
∏
v|p
H1(Kv, TpE).
In the above and what follows, if M is an abelian group, then TpM will denote
its p-adic Tate module.
We claim that Rp(E/K) is trivial. To see this, first note that by the proof of
lemma 3.1 in Wuthrich’s paper we have that Rp(E/K) injects into TpRp∞(E/K)
so we only have to show that TpRp∞(E/K) is trivial. To prove this, note that by
[33] we have an exact sequence
0 −→Mp∞(E/K) −→ Rp∞(E/K) −→Жp∞(E/K) −→ 0 (7)
where Mp∞(E/K) is defined as
0 −→Mp∞(E/K) −→ E(K)⊗Qp/Zp −→
∏
v|p
E(Kv)⊗Qp/Zp.
andЖp∞(E/K) is the fine Tate-Shafarevich group defined as simplyЖp∞(E/K) =
Rp∞(E/K)/Mp∞(E/K). It is shown in [33] that Жp∞(E/K) is a subgroup of
X(E/K)[p∞].
From equation (7) above, to show that TpRp∞(E/K) is trivial it suffices to
show that both TpMp∞(E/K) and TpЖp∞(E/K) are trivial which we now show.
Condition (a) of the theorem implies by the work of Kolyvagin [21] that E(K) has
rank 1 and that X(E/K) is finite. Since X(E/K) is finite and Жp∞(E/K) is a
subgroup ofX(E/K)[p∞] therefore TpЖp∞(E/K) is trivial. As for TpMp∞(E/K),
the fact that it is trivial follows easily from the definition of Mp∞(E/K), and the
fact that the rank of E(K) is 1 and that by Mattuck’s theorem for any prime v
of K above p we have E(Kv) ∼= Zp[Kv:Qp] × T where T is a finite group. Thus we
1Gross and Zagier assume in their paper that the discriminant of K is odd. This assumption
is removed by Zhang
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have shown that TpRp∞(E/K) is trivial which as we explained above proves that
Rp(E/K) is trivial.
We now return to Wuthrich’s paper [32] and refer to it for the rest of the
proof. Attached to the anticyclotomic Zp-extension K∞/K Wuthrich defines a
p-adic height pairing (he defines a pairing for any Zp-extension of K):
〈 , 〉K∞ : Rp(E/K)×Rp(E/K) −→ Qp.
Since Rp(E/K) is trivial, therefore the above pairing is non-degenerate. This im-
plies by theorem 6.1 in Wuthrich’s paper that Rp∞(E/K∞)
dual is a torsion Λ-
module where Λ is the Iwasawa algebra attached to the extension K∞/K. Let
Γ = Gal(K∞/K). Choosing a topological generator γ ∈ Γ allows us to identify
the Iwasawa algebra Λ with Zp[[T ]] (via an isomorphism mapping γ − 1 to T ) and
so with this choice of a topological generator γ we may define the characteristic
polynomial fR(T ) of the torsion Λ-module Rp∞(E/K∞)
dual. If k is the order of
vanishing of fR(T ), then define f
∗
R(0) = T
−kfR(T )|T=0 (Using part (2) of theorem
6.1 in Wuthrich’s paper the value of k is equal to corankZp(Rp∞(E/K)). It is not
hard to show this latter value is 1). f∗R(0) is called the Euler characteristic of
Rp∞(E/K∞)
dual and its valuation is independent of the choice of γ.
To prove that Rp∞(E/K∞)
dual is finitely generated over Zp we only need to
show that f∗R(0) is a p-adic unit. We show this using part (4) of theorem 6.1 in
Wuthrich. Taking into account that Rp(E/K) is trivial, Wuthrich’s theorem gives
f∗R(0) ≡
#Tloc ·#(Rp∞(E/K)/ div)
#Tgl ·#J ·#I (modZ
×
p ) (8)
In the above Rp∞(E/K)/ div means the quoient of Rp∞(E/K) by its maximal
divisible subgroup. I is the cokernel of the injection Rp(E/K) →֒ TpRp∞(E/K)
defined in lemma 3.1 of Wuthrich’s paper and J is the cokernel of a certain map
described in his paper. Now we turn to the description of Tgl and Tloc. In what
follows let S be the primes of K dividing Np
We have Tgl = H
1(Γ, E(K∞)[p
∞]) and Tloc =
∏
v∈SH
1(Γv, E(K∞,v)[p
∞]).
In the description of Tloc the product runs over all primes v in S where for every
such prime v we choose a prime w of K∞ above v. If Kn is the subfield of K∞ of
degree pn over K, we denote the union of the completions of the fields Kn at w by
K∞,v and the decomposition group of w by Γv.
We now calculate the orders of Tgl and Tloc. When K∞ is the cyclotomic Zp-
extension of K, Wuthrich uses a result of Imai [18] which states that if E is an
elliptic curve defined over Qp with good reduction and L/Qp is the cyclotomic
Zp-extension, then E(L)tors is finite. Using Imai’s result allows one to give a nice
description of Tgl and Tloc in the cyclotomic case. But we cannot apply Imai’s
result in our case so instead we will show that #Tgl = 1 and that the order of Tloc
divides the value stated in Wuthrich’s paper. This will suffice for our purpose.
First we show that the fields Q(E[p]) and K are disjoint. To see this, note that
the only primes that can ramify in Q(E[p])/Q are primes dividing Np, but since N
was assumed to split in K/Q and p not to ramify in K/Q, therefore the intersection
of Q(E[p]) andK is an unramified extension of Q and is thereforeQ itself so Q(E[p])
and K are indeed disjoint from which it follows that E(K∞)[p
∞]Γ = E(K)[p∞] =
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{0} which implies that E(K∞)[p∞] = {0} since Γ is a pro-p group. So therefore we
have
#Tgl = 1 = #E(K)[p
∞] (9)
We now calculate the order of Tloc. To do this, we need to calculate the order
of H1(Γv, E(K∞,v)[p
∞]) for any v ∈ S. First let v ∤ p i.e. v divides N . Since
we have assumed that all the primes dividing N to split in K/Q, therefore by [4]
theorem 2, v does not split completely in K∞/K and so by [9] lemma 3.4 we have
H1(Γv, E(K∞,v)[p
∞]) = c
(p)
v where c
(p)
v indicates the largest power of p dividing
cv. Now let v|p and denote the maximal divisible subgroup of E(K∞,v)[p∞] by
D. In this case we see from the proof of lemma 4.2 in Wuthrich’s paper that
we have #H1(Γv, E(K∞)[p
∞]) = #E(Kv)[p
∞]/#DΓ. All together, the above 2
observations imply that
t ·#Tloc =
∏
v|p
#E(Kv)[p
∞] ·
∏
v∤p
c(p)v for some t ∈ Z (10)
By condition (a) of the theorem and the work of Kolyvagin [21], we have that
X(E/K) is finite and since Ж(E/K) is a subgroup of X(E/K)[p∞], it follows
thatЖ(E/K) is finite as well. Therefore combining (8), (9) and (10), we see from
the proof of corollary 6.2 in Wuthrich’s paper that for some t ∈ Z we have
t ·#J · f∗R(0) ≡ #TorsZp(D) ·
∏
v∤p
c(p)v ·#Жp∞(E/K) (modZ×p ) (11)
where D is the cokernel of the localization map (induced by the maps iv) from
E(K)⊗ Zp to the p-adic completion of
∏
v|pE(Kv)
As we explained above, to prove the theorem we only need to show that f∗R(0) is
a p-adic unit. This will follow if we can show that the right-hand side of the above
equivalence (11) is a p-adic unit.
From condition (b) and since we have assumed that p is odd and
Gal(Q(E[p])/Q) = GL2(Fp), therefore by the work of Kolyvagin [21]
X(E/K)[p∞] = {0}. So we have Жp∞(E/K) = {0} as well since Жp∞(E/K)
is a subgroup of X(E/K)[p∞]. Also condition (d) gives
∏
v∤p c
(p)
v = 1 and so the
right-hand side of the equivalence (11) is #TorsZp(D). So we see that the theorem
follows from the following proposition. 
Proposition 4.2. If D is the cokernel of the localization map (induced from the
maps iv) from E(K) ⊗ Zp to the p-adic completion of
∏
v|pE(Kv), then under
conditions (a), (c) and (e) of theorem 4.1 #TorsZp(D) = 1.
Proof. If M is an abelian group we write M∗ = lim←−M/p
nM for its p-adic com-
pletion (p is the prime in the proposition). Also will denote ∩w|pi−1w (E1(Kw)) by
E1(K).
Let ψp : E(K)
∗ → ∏v|pE(Kv)∗ be the map in the proposition. We need
to prove that TorsZp(coker(ψp)) = {0}. We proceed as in [8] lemma 9. Since∏
v|pE(Kv)/E1(Kv) is finite, therefore by [8] lemma 6 we have an exact sequence
0 −→
∏
v|p
E1(Kv)
∗ −→
∏
v|p
E(Kv)
∗ −→
∏
v|p
(E(Kv)/E1(Kv))
∗ −→ 0.
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E(K)/E1(K) injects into
∏
v|pE(Kv)/E1(Kv) so is finite. Therefore, we also get
an exact sequence
0 −→ E1(K)∗ −→ E(K)∗ −→ (E(K)/E1(K))∗ −→ 0.
Condition (c) of theorem 4.1 implies that
∏
v|p(E(Kv)/E1(Kv))
∗ is trivial. This
also in turn proves that (E(K)/E1(K))
∗ is also trivial. So we see from the above
exact sequences that we have isomorphisms E1(K)
∗ ∼= E(K)∗ and ∏v|p E1(Kv)∗ ∼=∏
v|pE(Kv)
∗. Therefore we see that if ψ′p : E1(K)
∗ → ∏v|p E1(Kv)∗ is the
map induced by ψp, then to prove the proposition we only need to show that
TorsZp(coker(ψ
′
p)) = {0}.
Since p is odd and unramified in K/Q, therefore from [29] ch. 4 th. 6.4 we have
that for any v above p the map logE,v : E1(Kv) → pOv is an isomorphism (Ov is
the ring of integers in Kv). Composing this isomorphism with multiplication by
p−1 we get an isomorphism E1(Kv) ∼= Ov. Noting that O∗v = Ov, this isomorphism
induces an isomorphism E1(Kv)
∗ ∼= Ov. Finally composing the map ψ′p with this
last isomorphism, we get a map φp : E1(K)
∗ → ∏v|pOv and we will show that
TorsZp(coker(φp)) = {0}. Note that the map φp is a Zp-module homomorphism.
Let θ : E(K) → E(K)∗ be the natural map. Then condition (e) of theorem 4.1
translates to: there exists P ∈ E1(K) such that for some i we have πi(φp(θ(P ))) is
a unit in Ov (πi is the projection from
∏
v|pOv onto its i-th component).
Now consider 2 cases. First assume that p splits in K/Q. Let v1 and v2 be the
primes ofK above p. In this case we have a map φp : E1(K)
∗ → Ov1×Ov2 = Zp×Zp.
Condition (e) of theorem 4.1 implies that πi ◦ φp : E1(K)∗ → Zp is surjective for
i = 1 or i = 2. Without loss of generality assume that it is surjective for i = 1.
Let (a, b) ∈ Zp × Zp such that (ra, rb) ∈ img(φp) for some r ∈ Zp\{0}. We must
show that (a, b) ∈ img(φp). Let Q ∈ E1(K)∗ be such that φp(Q) = (ra, rb). Also
since π1(φp) is surjective there exists P ∈ E1(K)∗ such that φp(P ) = (a, c) for
some c ∈ Zp. We now note that π1 ◦ φp is injective. This follows from the work
of Kolyvagin [21] which shows that under condtion (a) of theorem 4.1 E(K) has
rank 1. This in turn also implies that E1(K) has rank 1 since E(K)/E1(K) is
finite. Then we have π1(φp(rP )) = rπ1(φ(P )) = ra = π1(φp(Q)) which implies
that rP = Q since π1 ◦ φp is injective. Therefore (ra, rc) = (ra, rb) so b = c
showing that (a, b) ∈ img(φp) as desired.
Now consider the case when p is inert in K/Q. In this case we have a map
φp : E1(K)
∗ → Ov where v is the prime of K above p. Note that Ov is free of rank
2 over Zp. Condition (e) of theorem 4.1 implies that there exists a P ∈ E1(K)∗
such that Q = φp(P ) ∈ O×v . Then by [14] ch. 2 prop 2.4 there exists Q′ ∈ Ov
such that Q and Q′ form a basis for the free Zp-module Ov. Since img(φp) = ZpQ,
therefore we easily see from this that TorsZp(coker(φp)) = {0} as desired. This
completes the proof of the proposition. 
The table below lists examples chosen to satisfy the conditions of theorem 4.1.
The columns of the table are as follows: E is an elliptic curve defined over Q
with the given Cremona labeling [13], D is a fundamental discriminant such that
K =
√
D, p is a prime, (D/p) is the Legendre symbol which tells us whether our
unramified prime p splits in K/Q ((D/p) = 1) or is inert in K/Q ((D/p) = −1)
and the last column is the integer ap = p + 1 − E˜(Fp). Since all the entries in
the table have p ≥ 5, therefore the elliptic curves E in the table with ap = 0 are
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precisely the ones with supersingular reduction at p. In addition to satisfying the
conditions of theorem 4.1, the entries in the table were chosen such that (E, p)
satisfies (∗). All of the computations for the table were performed in SAGE [28].
E D p (D/p) ap
11a1 -7 13 -1 4
11a1 -7 29 1 0
17a1 -8 11 1 0
17a1 -8 41 1 -6
43a1 -7 17 -1 -3
43a1 -7 37 1 0
53a1 -11 19 -1 -5
53a1 -11 751 1 0
57a1 -8 13 -1 2
57a1 -8 17 1 -1
57a1 -8 37 -1 0
58a1 -7 11 1 -1
58a1 -7 23 1 0
58a1 -23 13 1 3
58a1 -23 139 1 0
75a1 -11 17 -1 2
75a1 -11 79 -1 0
99a1 -35 17 1 2
99a1 -35 71 1 0
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